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ABSTRACT

Current results include digital codes for the first half of a four-
phased program to extract eddy structures from experimental, temporally
averaged, two-point, velocity correlations. Merger of the two major data’
sources, Grant (1958) and Tritton (1967), is complete and has yielded a
successful relaxation method for extending the data grid to off-axes probe
separations. Preliminary results indicatean eddy structure elongated in
the flow direction but it is too early to comment upon the common presump-
tion of "horse-shoe" eddies in the wall layer. To recapitulate, the four
phases are:

I. Augmentation of Data Grid of Correlation Tensor

II. Fourier Transform in Planes Parallel to the Wall
III. Extraction of the Eigen-modes ("Large Eddies")
IV. Constructibn of Bij,the "Farge Eddy" Correlation Tensor

Phase II grea*tly reduces the calculational comp]éxity. Phase III
re]ie§ upon Lumley's (i964) Proper Orthogonal Decomposition Theorem ("PODT").
Phase IV impacts heavily upon the "sub-grid" mode11ing‘technique for turbu-
lent flow calculations. A major conc]dsion of the work should be a priori
justification (or nbtf) for the validity of the spatially homogeneous, even
isotropic, "eddy viscosity" approach for the small-scale turbulence. If
the result is affirmative, then many "ad hoc" calculational schemes will be
placed upon a more rational basis. Intutitively, one expects such an answer,
_ pariicu]arly in view of previous work af Penn State in this area (experi-

mental by Bakewell, 1966; semi-empiric and analytic by Payne, 1966, 1967, and
1968a).

S



CONTENTS:

Abstract . . . . . . . .. e e e e e e |

I. Brief‘Historica1 Survey and Introduction . . . . . . 2
II. Results to Date |

A. Mergingof DataSets . . . . . . . ¢« ¢« . . . .. 3

B. Methods Considered . . . . . . .. .. . ... 4

C. Results toDate . . .. . oovvvvnrn.. A

ITI. Outline of Remainder of Effort . . . . . . . . ... )5

IV. Closure and Summary . . . . . « v ¢ v v v v o o . 6

V. References . ., . . .. ...... S

Appendix (7 November 1975 Oral Report to NASA Ames). Al1-A49



I. Brief Historical Survey and Introduction:

A. A. Townsend (1956)* laid the fundamental basis for this work by
postulating a "two-component" model of turbulence based upon the
actions of "Large Eddies" to increase greatly transports of fluid
properties; these large eddies "feed" efficiently upon the mean flow
and, in turn, "feed" the rest of the turbulence. - Lum]ey (1964) was
the first io give a rational definition of these structures. His
students extracted these structures from the 2-D wake (Payne, 1966,
1967) and measured them in the wall layer (Bakewll, 1966). By a

7 non-linear analysis of the disturbance‘kinetic energy equation
Lumley (1966) provided a possible scheme for prediction of the
"Large Eddies" which had sbme success in the wall-layer (Elswick,
1967) and even more success for the 2-D wake (Payne, 1968a).

" This approach remained virtually in hiatus until NSG-2077 expect-
ing occasional works by Payne (1968b, 1969a,b, 1973a,b, 1974a,b,
1975a) none of which attacked the boundary-layer problem directly.
For more historical detail see Payne 1975b, enclosed as Appendix,
which is a copy of slides used in a seminar given at NASA Ames
November 7, 1975.

| In brief, the approach funded by NASA Ames Grant NSG-2077 is to use

" all available experimental two-pqint, fempora11y averaged, ve]ocity
HcoVakiance data for the flat-plate boundary—]ayer and to extract
from those data the PODT**eigen—modes which Lumley (1964) defined

and interpreted as the "Large Eddies."

Motivation for extraction of these structures is, fina]]y, to

*
**See References, Page 7-8
PODT = Proper Orthogonal Decomposition Theorem



calculate Bij’ the "Large Eddy" co-variance tensor, and remove these

components from the full correlation tensor, Rij' Then, one can
calculate an eddy viscosity for the rest of the turbulence, namely,
the "small eddies,” via

oly ‘
v (B.. - R..)==1 (1)
e ij iiTok,

where (1) is a generaliZation of the usual definition:

8U1-. ~ou

o -1 -1
Ve = TV '{'5%']: -Rlzl_-é—)i—] | (@

wherein we put i = 1, j = 2 from equation (1) and do not extract
the large eddy contribution from the Reynolds' stress. (See Appendix
p.17,22 and 26)
II. Results to Date: .
A. Merging of Data Séts:

The only sets of usefﬁ] data which provide spatial correlations
of the Reynolds' stress tensor are those of Grant (1958) and Tritton
(1967). These use differing normalizations but can be merged using
Townsend's (1956) intensity measurements (Appendix, p. 27, 28, 39).

This difference arosefrom Tritton's useof uncalibrated probes

via .

n. 5 e =1/2

C Ry = U (00U, (XY) Ty, (XX (3)
Whereas Grant used calibrated probes:

~N _, : 5 5 -1/2

i.e., it is required to know the “denormalizing" factor [ 1%/ in

equations (3) and (4). Townsend's monograph provides this information.



B. Methods Considered:

Pre-NASA Grant work (1974-1975) by Paynevand Lemmerman showed that
Payne's (1969a) curve-fitting approach could be bypassed by direct,
digital Fourier Transform of Rij in the homogeneous planes (downstream
and cross-stream) parallel to the wall. It should be noted that
Payne's original 3-D work (1966) was performed on an IBM 7074 whereas
a CDC 6600 is available for this work--a factor of 100 in core and
speed does simplify!

There remains the question: “How to extend Grant's/Tritton's
data to off-axes separations?" If the problem were 1-D, a parabolic
interpolation would be reasonable. Extending this concept to 3-D,
since we have data on the r-axes (r = x' - x) and know that Rij must
vanish as r-eo, a relaxation method appears appropriate. Hence, the
Lap1ace (and Poisson) equation is used to "fill-in" the off-axes Rij

data. (See Appendix, p. 29, 30)

C. Resu]té to Date:

The coding for full, 3-D relaxation methods to "f{11-inﬁvoff—axes
Rij'is complete. See Appendix A, p. 31 to 35 for digital graphics
results. These indicate that scales in the flow direction much ex-
ceed vertical and transverse scales. Of course, one can also see
this from perusal of the 30-odd qorre]étion curves of Grant, but it
is'faf'more graphic in 3-D plots than 2-D graphs. These plots (Appen-
dix, p. 31 to 35) give a posteri validity to the chosen relaxation
method for daia augmentation.

Also complete is a 1-D Fourier transform computer program. Exten-

sion to (the final) 2-D form .is virtually complete. The FFT* algorithm

*
FFT = Fast-Fourier Transform



is not being used due to certain accuracy problems. However, the
F code developed has been verified by test cases into Fourier-Space
and inverse FT; accuracy is within 1% at all points which is more than

adequate for experimental data which are typically of 5-10% accuracy.

III. OQutline of Remaining Effort:

As indicated during the November 1975 presentation to NASA Ames, the
major task is establishment o0f a data access "tree" for the computer
(Appendix A, p. 44). The remaining efforts will proceed via three pafa—
1lel paths as indicated schematically below:

Schematic of NSG-2077 Task Status
(As of November 30, 1975)

Phase I Phase II A
(Completed) : (Completed)
Augmentation of [ ] Coding of
Rij" Data Base ' Fourier Transform
Phase II B
(In Progress)
Fourier Transform
In Planes
Para]lelfto Wall
Phase IV A Phase IIT A
(In Progress) Eizizﬁtgéi gf (In Progress)
Coding of The Large Eddies Coding of
Inverse FT (PODT) <| Eigen-Value
Solution
N2
, Phase IV B
Construction of
S B;; the Large Eddies
g
) Final
Summary Status: Report

1. Completed = Phase I, I A :

2. In Progress = Phase II B, IIT A, IV A
3. Planning Complete = Phase III B, IV B
+

FT = Fourier Transform



IV. Closure and Summary:

~ The rather massive data management problem on the digital computer is
under control and planning is complete for the remaining tasks. It will
be most intéresting to see whether the calculated eigen-values and vectors
(via PODT) fall off slowly in amplitude (like the 2-D Wake, Payne 1966,
1967) or rapidly (1ike the wall eddies, Bakewell, 1966). The later will
probably be more nearly the case for the boundary—]ayek which is, of
course, to be hoped for if "sub-grid" modelling is to be tractable. If
the former is the case (which means many modes are contributing to the
“Large Eddy") then "ad hoc" closure to the turbulence problem may have
to be carried to considerably higher order than second.

It should be noted that, since the data of Grant and Tritton extend
only to about 1/2 699, the structures extracted herein include the wall
region (viscous sub-layer and logarithmic) and only part of the “wake"_
region of the~f1at—p1afe BBunddry—]ayer. To-EompTetely delineate the
entire structure of a boundary layer would require either: a) new ex-
periments or b) some sort of "patching" of NSG-2077 results with a "wake"
~ ".component.” Possibly, depending upon what NSG-2077 eddies look like, one
might be able td-incorporate the 2-D wake "large eddy" (Payne, 1966, 1967,
1968a) results. A decision must await final results.of this grant.

Hence, the impliéation of this work fof'eventua1 digital "experimenta-
tion" (1.ei, simulation of turbu]enceﬁ?ia Navier-Stokes, Reynoids', or
higher order "c]osure" equations appear to be quite crucial for the simp-
lest proto-type bodndary-]ayer, namely that of a flat-plate at zero

incidence neglecting compressibility effects.



REFERENCES

Bakewell, H. P. (1966), Ph.D. Thesis, Penn. State University and
Contractor Rep.to U.S.N./ONR under (G)-00043-65

Elswick, R.C. (1967) MSAE Thesis, Penn. State Un1vers1ty, and
“Contractor Rep.to U.S.N./ONR under (G)-00043-65

Grant, H.L. (1958), Journal Fluid Mechanics, p. 149

Lumley, J. L. (1964),"The Structure of Inhomogeneous Flows," paper
at Moscow and printed in Doklady Akad. Nauk SSSR,
Moscow, 1966.

Lumley, J. L. (1966),"Large Disturbances to the Steady Motion of a
Liquid," Memo/Ordnance Res. Lab., Penn. State, 22 August

Payne,»F; R. (1966), Ph.D. thesis, Penn. State University and Rep.
, to U.S.N./ONR under NONR 656(33)

Payne, F. R. and Lumley, J. L. (1967), "Large Eddy Structure of a
Turbulent Wake Behind a Circular Cylinder”, Physics
of Fluids, Sept., S184

Payne, F. R. (1968a),Predicted Large Eddy Structure of a Turbulent
: Wake, Rep. to U.S.N./ONR under NONR 656(33)

Payne, F. R. (1968b),"Large—Sca]e-Structure of Turbu]ent—Shear—F]bws,“
Appendix to "Tailormate" proposal to USAF/FDL, by
General Dynamics, Fort Worth, Texas '

Payne, F. R. (1969a), "Generalized Gram-Charlier Method for Curve F1tt1ng
Statistical Data," AIAA Journal, October.

Payne, F. R. (1969b), "Analysis of Large Eddy Structure of Turbulent
Boundary Layers," p. 50-53 ARR-13, Genera] Dynamics,
Fort Worth

Payne, F. R. (1973a), "Toward a Better Eddy Viscosity Model of Turbulence,"
First AIAA-Mini-Symposium, University of Texas at Arlington

Payne, F._ R.. (1973b), "Turbulence Research at University of Texas at Arling-
ton," Seminar at UTA

Payne, F. R. (1974a), "Hot-Wire Anemometry at UTA', 2nd AIAA-Mini-Symposium,
University of Texas at Arlington

Payne, F. R. (1974b), "A Second Order Eddy Viscosity Model for Turbulence,"
Invited Seminar, UT—Austin,Therma] Sciernices Division



Payne, F. R. (1975a),"In Search of Big Eddies," 14th Mid-Western
Mechanics Conference, Norman, Oklahoma

Payne, F. R. (1975b), "Large-Scale-Structure of Turbu]ent Shear-
"Flows," Semi-Annual Progress Report NSG- 2077.
NASA Ames, Ca11forn1a\w1th L. A. Lemmerman)

Townsend, AA (1956), _h_e__SJ:_Lu_ciur_e_o.f_luerﬂ.enLSbaaL_ElM,
Cambridge University Press, England

Tritton, D. J. (1967), Journal FTuid Mechanics, 28, p. 439

W1e1andt H. (1956), "Error Bounds for E1genva1ues of Symmetric Integra]
Equations," Proc. Sym. on Applied Mathermatics,
Vol. IV, p. 261, McGraw-Hi1l, New York




APPENDIX

"The Large-Scale Structure of Turbulent-Shear-Flows"
(Vu-graphs of Seminar to NASA Ames, 7 November 1975)
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ERRATA

To NSG-2077 Oral Progress Report, November 7, 1975

(6 occurrences)

(2 occurrences)

Page Item Should Read
2 Grant (1959) Grant (1958) (Two places)
2 Tritton's (1966) Tritton's (1967)
BUi ZBU_i ( )
8 = - Tine 7
BUj _ axj
10 L.H.S. Eq. (6) fRij(é_;t;zg' st ¢j(x_' ,t')dx' dt!
15 Reference omitted (Payne, 1966)
19 915*£ eikfﬁ- ‘ (Tine 2)
-(n)(p) (n)(k )
20 Eq. C1, RHS AP ey
22 Phase (VI) Phase (IV)
21 Grant's (1959) Grant's (1958) (line 14)
— -
38 ui(x)uj(x ) ui(x)uj(iT)
48. Grant, H.L. (1959) Grant, H.L. (1958) (line 5)
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ABSTRACT

A BRIEF SURVEY OF TURBULENT FLOW CHARACTERISTICS IS FOL-
LOWED BY A DETAILED OUTLINE OF PRIOR WORK INVESTIGATING THE
“STRUCTURE” ("EDDIES”) OF REAL FLUID SHEAR FLOWS, THESE
EFFORTS ORIGINATE IN TowNsEND's (1956) POSTULATE oE'A “DOUBLE
STRUCTURE” (“”LARGE" AND "SMALL” EDDIES) IN TURBULENCE. UNTIL
LuMmLEY (1965) THERE EXISTED NO RATIONAL WAY TO DEFINE THESE
“LARGE EDDIES” OR EVEN TO EXTRACT THESE STRUCTURES FROM EMPIRI-
CAL DATA.

BASED UPON LUMLEY'S WORK., HIS STUDENTS WERE SUCCESSFUL IN
EXTRACTING FROM EXPERIMENT THE LARGE EDDY STRUCTURE FROM THE
FOLLOWING FLOW PROTO -TYPES: 2-D WAKE OF A CIRCULAR CYLINDER
(Payne, 1966). PARTIAL SUCCESS WAS OBTAINED IN PREDICTING, FROM
FIRST PRINCIPLES, THESE EDDIES IN: VIscous SuB-LAYER (ELswick.
1967) anp 2-D wake (Payne, 1968).

THis NASA GRANT IS SOLEY CONCERNED WITH EXTRACTION OF THESE
STRUCTURES FROM FLAT PLATE BOUNDARY LAYER EXPERIMENTS. [HE PRO-
CEDURES USED ARE THOSE SUCCESSFUL IN THE 2-D wake 1N 1966, THE
GRANT EFFORT IS NEAR THE HALF-WAY POINT OF TOTAL EFFORT EVEN
THOUGH THE FIRST TWO OF FOUR PHASES ARE NOT QUITE FINISHED,
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I11.

OVERVIEW OF REPORT

"INTRODUCTION

A. MOTIVATION - WHY DO THE PROBLEM?

B. PRrIOR WORK
1) Townsenp (1956) | " "
%) GranT (1959) ;;CDNFLICTING MODELS OF “LARGE EDDIES
3) Lumiey (1965) - PODT - DeErFINED "LARGE EDDY"
) Lumeey (1966) - ORR - PrRepicTion METHOD
5) ResuLts (1966-1968) - 2-D WAKE: WALL LAYER

C. OSTATEMENT OF CURRENT PROBLEM

REVIEW OF LUMLEY'S EXTRACTIVE METHOD (PODT) AS APPLIED TO

THE FLAT-PLATE BOUNDARY LAYER.
A. SIMPLIFICATION DUE TO HOMOGENEOUS FLOW STATISTICS
. IDENTIFICATION OF THE “Bic EDpDIES" |
. RECONSTITUTION OF (STATISTICALLY PRESISTENT) FLOW VELOCI-
TiES
D. RECAPITULATION OF SEQUENTIAL STEPS IN THE METHOD
MaJgor EFrorTs oF NASA Grant NSG - 2077 |
A. Merecine oF GranT's (1959) ANB TRITTON's (1966) DATA AND

' METHODS TO FILL DATA VOIDS

FOURIER TRANSFORM OF VELOCITY CO-VARIANCE TENSOR
EIGENVALUE SOLUTION IN FOURIER SPACE

INVERSE FOURIER TRANSFORM TO RECONSTRUCT VELOCITIES AND
Eppy viscosiTy



V.

SUMMARY STATUS OF RESULTS AND BUDGET

WHAT WILL REMAIN AFTER CURRENT WORK COMPLETED?
A. SHORT TERM
B. Long TERM



TURBULENCE IS:

1., Ranpom (“StocHastic”) ---- MusT usE STATISTICS

2, RoTATIONAL -~-- No VELOCITY POTENTIAL

3, DIFFUSIVE | ~--- “BETTER MIXER"

h, DissipPATIVE —ée- FLow_LOSSEs INCREASED

5, Furry 3-D - ~s10°*  STorAGE LocATIONS
6. Non-LiNEAR ~--- ToueH! CAN'T LINEARIZE

/. CONTINUUM ---~- NAVIER-STOKES EQ. GOVERNS

¢ Navier-STokes EauaTions: (IncompressiBLE, V¢V = 0)

<

TP VY

= VEcTOR VELOCITY
= Mass DENSITY

= KINEMATIC VIScCOSITY

v
P = PRESSURE
3
V

= “Der” OPERATION




[. INTRODUCTION
A. MoOTIVATION:

“B1G WHIRLS HAVE LITTLE WHIRLS THAT FEED ON THEIR
VELOCITY: LITTLE WHIRLS HAVE LESSER WHIRLS AND
SO ON TO VISCOSITY” ~-- RicHarDson (?) (Circa 1920)

0 Bic WHIRLS = LARGE-SCALE-STRUCTURE (”LARGE EDDIES")

1) WHY DO INCOMPRESSIBLE TURBULENCE?
A. IF TurBULENT-MACH NO.<<l, LITTLE DIFFERENCE
(Mg < 5 = M’ < 0.2, Hinze, 1975)

B. EVEN INCOMPRESSIBLE TURBULENCE NOT WELL
UNDERSTOOD, |
2) As NEXT SLIDE SHOWS. ENGINEER'S NEEDS VARY
INVERSELY WITH AVAILABLE TURBULENCE KNOWLEDGE.
3) Wy po “Bic EDDIES”? - PRESUMABLY THEY DETERMINE
THE VASTLY INCREASED TRANSPORT (OVER MOLECULAR
DIFFUSION) OF:
MASS (&~ X RATHER THAN {X)
MOMENTUM (2% ~ 10%9)
HEAT (kv 1024)
AND Bic eppies CANNOT BE LINEARIZED
~ (OR “BABY THROWN OUT WITH HIS BATH WATER)




T EDDY INTERACTION HYPOTHESES;

- VORTICITY TRANSPORT HYPOTHESES,

L - TRANSPORT OF PASSIVE SCALAR AND

| D VNN W HaGkEe

E o ;

E%‘K‘&%"JN‘SIE’”%%%"Y“ " REACTIONS OF FIRST AND SECOND
T " ORDER; EFFECT OF CURVATURE;
N .1 EFFECT OF BOUYANGY. EFFECT OF
' | MUY CORSTIT

- DOMINATED BY ° ‘

“ STRUCTURE 3; i PARTICLES; SIMILARITY

-~ TURBULENCE -

L. PRODUCING DEVICE | powmared | pomiaen
—1 . BYINRTA | BY VISCOSTY

- ENGINEER'S Lo EXTENT OF
NEEDS (BIRARY | UNDERSTANDING

- S (ARBITRARY SCALE

_ e Y
w0 WVE NUMBER —
E ', 1 VELOCITY AND LENGTH

§

Foo " SCALES OF ENERGY
BT CONTAINING EDDIES
T IR &
¥

O L

b
¥
:

+ v KINEMATIC VISCOSITY

o B s A tik ik P I v Y RN

COMPARISON OF UNDERSTANDING OF TURBULENCE TO
DEsieN ENGINEER'S NEEDS (AFTER LumLEY., 1967)



‘4)  PotentiaL Pavorrs (oF "Bic EDDY" KNOWLEDGE)

ProT0-

BouNDARY-LAYER

3-D WaAke
(2-D NEAR WAKE)

JET

GrRID

DesicN PAYOFF

ForeBopY/FuseLAGE/DucT
INLET RamP/SPIKE |
LIFTING SURFACES
VORTEX GENERATORS
Hi-L1FT & AUGMENTATION

VORTEX GENERATORS
FLow STRAIGHTENERS/VANES
Duct CRUCIFORMS

TURBULENCE GENERATORS FOR

MobeL TEsST
AB FLAME HOLDER.
ArFTERBODY DESIGN

 Exxaut/FueL NozzLe

ComBusTER (7)

No1se SUPPRESSION

IR SupprEssION (?)
TEST GENERATORS

FLow MIXERS
IR/RADAR ATTENUATION

Guipe VANES



Mixine LAYER

=W N e

NozzLe ,
SEconDARY Duct/NozzLE

ComBUSTER (7).
VTOL

A



I. B. PRrIor Work:
1) 1956 - TOWNSEND FORMULATED THE “DOUBLE STRUCTURE"
MODEL OF TURBULENCE: (SEE PAYNE, 1966)

TOWNSEND: A. FULLY TURBULENT FLUID BOUNDED BY
CONTORTED SURFACE MOVED ABOUT BY
“LARGE EDDIES” ("LARGE" = WIDTH OF
FLOW WHERE 3l;
U, SIGN SAME)
B, OuTSIDE IS NOT TURBULENT AND @ = (
C. EXCEPT NEAR "EDGES” TURBULENCE
~~ UNIFORM INTENSITY
D. "Rest” OF TURBULENCE “FEEDS” ON THE
Bic EDDIES AND "EQUILIBRIUM” OF ENERGY
EXCHANGE EXISTS FOR THE 2-D WAKE

D) => Big EbppY 1S

2 2
u=-v=AZ EXP{; R R AN Zz‘} EXP z{- Eg'x2}
| 2

& - vy +’22} [&

w= Aly - YO) EXP

2. 1959 - GRANT, HAVING MORE EMPIRIC DATA. POSTULATED

U= Al - *2) exp { yot (1 )
v=0 [ @
W= Au?' XL Exp E— % (X% + 7% J

FOR SKETCH OF GRANT'S MODIFIED MODEL, SEE NEXT SLIDE



-<-—-—CYUNDER

 MEAN FLOW—e—

LARGE EDDY STRUCTURE OF THE 2-D TURBULENT WAKE
(AFTER GRANT. 1959): THE TOTAL STRUCTURE IS A
SUPERPOSITION OF - THE TWO SHOWN,

NoTe: BOTH MEN SHOW CONSIDERABLE INSIGHT AND
IMAGINATIVE MODELING BUT THEIR APPROACH IS FLAWED
BY, ESSENTIALLY. "HAVING TO GUESS A MODEL, THEN
ADJUST CONSTANTS TO FIT.”



I,

B,

3)

10

1965 - LuMLEY

" TOWNSEND

CONTRADICTION MODELS —>LUMLEY TO WRITE:

GRANT

“ALTHOUGH THE DYNAMIC ROLE OF THESE EDDIES HAS
BECOME CLEAR. NO OBJECTIVE DEFINITION HAS YET BEEN
OFFERED. I[N THE ABSENCE OF SUCH A DEFINITION THEY
CANNOT BE MEASURED, SINCE THEY CANNOT BE SATISFAC-
TORILY DISTINGUISHED FROM THE REST OF THE FIELD, NOR
CAN THEIR STRUCTURE BE PREDICTED FROM FIRST PRINCIPLES.
THE FOLLOWING IS AN ATTEMPT TO PROVIDE AN OBJECTIVE |

DEFINITION.” (EMPHASIS ADDED)

* "LuMLEY'S "ProPeEr OrRTHOGONAL DeEcoMposiTiON THEOREM”
(PODT) Summary or PODT -

(o]

IVEN: A RANDOM VECTOR FIELD, Ui = Ui (X,T) - (3)

. SELECT: A (DETERMINISTIC) CANDIDATE ¢; = ¢5(X.T) ()

TEST: THE CANDIDATE BY PROJECTION OF Ui UPON by
SINCE ONLY PARALLELISM IN HILBERT SPACE, NOT AMPLI-
TUDE OF ¢;; 1S OF INTEREST, WE FORM THE SCALAR PRODUCT:

_ * x* 1/2
o= f b1 Uy dzd “J b5 &5 dzat) (5)

STATISTICS: OF ©, SIGN IRRELEVANT, SO MAXIMIZE [o]2

— fRij(x,T;x’,,T’)cbj (x, 7= laP o, (x,T) (6)

 WHERE R;; IS THE VELOCITY COVARIANCE, U; (X, T)u;(XT")
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APPLICATION OF KNOWN THEOREMS, HILBERT-SCHMIDT—>

A,

o

Fa

MerRceER’s THEOREM, ETC. (SEE PAPER) AND RESULTS:

THERE ARE DENUMERABLE SOLUTIONS To (B):

| ;fﬁij o M axrag = 1AM (Mix, 1) (7

¢i(n)CAN BE CHOSEN AS ORTHO-NORMAL:
o (P)y ()* -
| f 04070y dx dt = 8 . (8)

THE RANDOM VECTOR FIELD U; CAN BE EXPANDED:
_ (n) '
U; (X, T) —2;}§1¢i (X, 1) (M
oy = Jugt§MFaxar ; (10

THE ONLY STATISTICAL QUANTATIES IN (9)' RHS ARE
UNCORRELATED!!

o = MM (1D

Rij MAY BE DECOMPOSED INTO A DOUBLE SERIES:

Ry =LA emey Mo (12)
WHERE THE SERIES IN BOTH UNIFORMLY AND ABSOLUTELY .
CONVERGENT
THE X(n)ARE NON-NEGATIVE WITH FINITE SUM:‘

(s S A g0 B (13)
— "'n



B,
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AND THE EXPANSIONS (9), (12) ARE OPTIMAL IN THE

'SENSE THAT TRUNCATION OF THE SERIES AT B = N, FINITE

LEAVES THE LEAST POSSIBLE REMAINDER IN THE (DENUM-~
ERABLY ) INFINITY OF NEGLECTED TERMS,

SUMMARY _OF PODT
FIGENVALUE PROBLEM:

f Res¢ S px'nr’ = Ao, M), were (R

DEcomMPOSITION OF Rj:

n

0 GO DU; (T = Ry =2 e, M (g mel™ (k1)
AND (12R)

CONSTRUCTION OF U3 (X.T):

0; 6T =Lat™ o (W p (9R)

1966 Lumcey (“0RR™)

Since PODT 1nTo NAVIER-STOKES STILL REQUIRES
SOLUTION OF NON-LINEAR EQUATIONS, LumLEy (1966) RE-
VIVED THE $0-CALLED “ORR ENERGY METHODS” OF PROFILE

STATILITY ANALYSIS. Given: CM, cuM, CKE, INCOM-
~ PRESSIBLE NEWTONIAN FLUID, THE AVERAGED “GLOBAL”

DISTURBANCE ENERGY (E) EQUATION IS



_ | . el
WHERE E = 1/2 UjU3. Sij = 1/2(z5~ + 532), THE MEAN
3 i
STRAIN RATE,
Ay
G5 = oy, 4 Say = M2 (g
FLUCTUATING DEFORMATION AND STRAIN RATES.

).

ji

ASSUME:  GLOBAL DISTURBANCE KINETIC ENERGY IM

STATIONARY: . '
FES J EdV =0

MAXIMIZE: THE SPATIAL VARIATION OF VISCOSITY:

: ~ - dUj oU
Sy = 1 e Gt )] (15

J J
WHERE "¢ CAN BE INTERPRETED AS A PRESSURE” AND

V1 1S AN "EDDY VISCOSITY."

NOTE: Ea. 15, BEING LINEAR. IS, IN PRINCIPLE.
EASILY SOLVED,

13
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B. 5)
COMPARISON/RESULTS OF PODT/ORR THROUGH 1974
PODT ORR
(EXTRACTION FROM EXPERIMENT) (PrepicTION)

LARGE EDDY STRUCTURE OF FLOW PROTO-TYPE

1966 < 2-D Wake > 1968  (NExT SLIDE)
1966 < l Viscous SuB-LAYER —>1967

1973-4 FraT PeaTe B.L. (PreLiminary 10 NSG-2077)

MEAN FLOW ————

ATTACHED (WALL) EDDIES CHARACTERISTIC OF TURBULENT
'BOUNDARY LAYERS (AFTER BAKEWELL.1966., anD Erswick, 1967)
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. C. STATEMENT OF CURRENT PROBLEM (NSG-2077)

OBJECTIVE: To EXTRACT THE “LARGE EDDY” STRUCTURE
FROM EXISTING TURBULENT BOUNDARY LAYER
ExPERIMENTAL DATA

METHODOLOGY: APPLICATION oF LUMLEY’S PROPER ORTHOGONAL

DecomposiTioN THEORem (PODT) To THE EMPIR-
ICAL DATA OF GRANT (1959) MERGED WITH
THOSE OF TRITTON (1967). THE WORK., AS
PROPOSED AND FUNDED BY NASA GranT NSG-2077.
CONSISTS OF FOUR PHASES. A FIFTH PHASE,
“DATA RepucTioN PACKAGE” WAS PROPOSED BUT
NO FUNDING REQUESTED AT THIS TIME. EACH
PHASE CONSISTS OF TASKS OUTLINED BELOW:

PHASE 1: CONSTRUCTION OF FOURIER TRANSFORM OF R;5

Task IA: DEVELOPMENT OF Rij; DATA GRID
Task IB: ConsTRucTIONOF Gij = F.T. (Rij)

PHASE II: AppLicATiON OF PODT TO EXTRACT EIGENVALUES
FROM G
Task TIA: Use oF CM AND SYMMETRIES TO FILL IN Gij

‘Task TIB: SoLutroN oF (COMPLEX) EIGENVALUE PROBLEM
IN WAVE-NUMBER PLANE AND Y-SPACE.

PHASE II1: ConsTrucTiON OF “Bie Eppy” N "REAL” SPACE
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PHASE III:

TASK T1TA: INVERSE FOURIER TRANSFORM OF LARGEST

1
EIGEN-FUNCTION, wi( )

TASK T1IB: CONSTRUCTION OF VELOCITY FIELD Ue
OF THE LARGEST EpDY (GRAPHICS)

TASK T11IC: INTERPRETATION OF LARGEST EDDY AS A
3-D STRUCTURE

PHASE IV: ConsTRUCTION OF Bij) “Bic Eppy” cOVARIANCE
AND V_ CALCULATION

TASK IVA: By, = (up); (up)

J
3l

TASK IVB: v, = (Byy - Ryj)/3%
J

TASK IVC: Is v uUNIFORM: WHY? WHY NOT? THIS

IS A CRUCIAL TEST OF APPLICABILITY OF
“EDpDY VvisScoSITY.”

I, REVIEW OF PODT APPLIED TO BOUNDARY LAYER

Recart. PODT EXTRACTIVE METHOD:
A. ExPERIMENTAL DATA: Ryjy (X.Tix' 7= {u;(X.Tuy(x'. 7)Y

B. SOLVE EIGENVALUE PROBLEM:

’ (n) v 4401 = y(n), (n)
j Rij ¢j dx'dt' = A ¢i (x,t)



I1.
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. R NG RO,
C. ReconsTRuCT Ry = ) A% e5 7oy ’ » N "SmALL" (=1 HERE)

n=2

ABOVE FOR A COMPLETELY GENERAL TURBULENT FLOW

A. SIMPLIFICATION DUE TO HOMOGENEITY OF STATISTICS

1) Our B.L. ARE 2-D, SO X3 IS AN EXACTLY HOMOGENEOUS
DIRECTION

2) THE DATA ARE FROM FULLY-DEVELOPED BOUNDARY-LAYERS.
. Xy IS AN APPROXIMATELY HOMOGENEOUS DIRECTION

'3) THE FLOWS ARE ALSO STATIONARY (HOMOGENEOUS IN TIME)
AND WE DEAL NOT WITH ENSEMBLE BUT TEMPORAL AVERAGES
_ VY Y A !
3 = Rizxomx'.7) — Ryy (XX
_ !y oot
l) & 2) => Rij(x_:x ) > Rij(Y'Y ’ I‘_)

!

e o o= D orl o= ! = -
WHERE & = (r4,0,75); Ty = X/-X, T3 = X3' - X3

SO, INSTEAD OF R;; A FUNCTION OF 8 VARIABLES. WE HAVE
ONLY 4,

LUMLEY‘(1965), SHOWS THAT THE ORIGINAL PODT - PROBLEM

(J Rij ¢j(n)d§_’dt’ = 7\(n)¢i (n)(g,t))

REDUCES TO f Gij(y,y’:g)wj(n)(k,y') ayt =2 () gy

WHERE k = (k;,0,k; ) IS WAVE NUMBER VECTOR IN HOMOGENEOUS
DIRECTION AND



IT,
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A. Gy (v R

F.nT. (Rij(y" y! :_E) ,

- () ik.r
o; (X)) =e  o;(k,y)

THESE RESULTS LUMLEY DENOTES BY HARMONIC ORTHOGONAL
DecomposiTion THEOREM (HODT); IN WORDS:

HODT = 1IN ANY HOMOGENEOUS DIRECTION®, THE
HARMONIC FUNCTIONS ARE THE EIGENFUNCTIONS,

FURTHERMORE: HODT => © INDEPENDENT VARIABLES (x,x')

ARE COLLAPSED INTO 4 (¥,¥',%) AND BY
FOURIER TRANSFORMING THE A-VALUE PROBLEM
INTO 2 VARIABLES (y,y') ON A PARAMETRIC,
2-D k-GRID. |

A GIGANTIC SAVINGS IN TIME & $°

NOTE: FoR THIS SAVINGS, WE DO PAY A SLIGHT PENALTY:
NAMELY: 4
HOMOGENEOUS => THERE 1S NO FINITE SCALE IN THAT
DIRECTION, SO "LARGE EDDY” CON-
STRUCTION IN X-SPACE IS MORE
INVOLVED

REQUIRED TO DEFINE A FOURIER TRANSFORM
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B. IDENTIFICATION OF THE BIG EDDIES
AGAIN, LUMLEY (1965) :

foe]

<Ue>i = [[ee: J/ A<1) o Dapas 6D

Pe o]

WHERE (Ue); IS THE "BIG_EDDY" IN X = (X.Y,2)=(X{/ Xgr X5)

=~ SPACE., WHICH IS JUSTIFIED BY
1. 1T 1S A RATIONAL DEFINITION OF (Ue)
2. IF THE SPECTRAL PEAK OF A(l)(IN K-SPACE) IS

n

“SHARP,” THEN (Ue); 1S "ALL” OF THE LARGE

STRUCTURE.,

3. Ie THE pEAKk IN At

IS NOT SHARP, THEN (Ue);HAS
CORRESPONDINGLY LESS INFORMATIONkABOUT THE "REAL"

LARGEST STRUCTURE.

1 |
HOWEVER, IN ALL CASES (OF ¢ )SPECTRAL “SHARPNESS")
THE Y-VARIATION OF (Ue); IS UNAFFECTED,

REMARK: Eaq. (Bl) ABOVE, AS WE%L AS LUMLEY'S GENERAL
CONTENTION THAT THE ¢3 ™) (n"smaLL")
ARE LARGE EDDIES WAS FIRST VERIFIED BY
PavynNe (1966) anp Bakewerr (1966).
I[I. C. RECONSTITUTION ofF 3-D "Biec EpDY” STRUCTURE
1) RecaLL: |
“ Sorution oF F.T. PODT (+HODT) E1GENVALUE

PROBLEM:

[ 6sy 05 Pay =2 vWan e



21

- On A (PARAMETRIC) 2-D K-SPACE GRID, YIELDS (WHEN
CONVERTED TO FINITE MATHEMATICS)
}\(n) (Jﬁ)
FOR n = 1,2,-~-\

(C2)

| 5 () ‘ (n)
WHERE A" ARE THE MEAN SQUARE ENERGIES IN THE ¥j
EIGEN-MODE (“STRUCTURE” IN WAVE NUMBER SPACE)
2) Ea. (BD)., THE Rice THEOREM - LUMLEY DEFINITION:

o0

| e x /D ,
(Ue); = ”ell‘-'ﬁ /%w— 0§ (k,y)ax (3

-— 0

~ YIELDS A REPRESENTATIVE, “STATISTICALLY PERSISTENT.,”
STRUCTURE FOR THE LARGEST “Epbpy.”

3) For WaLL LAYER. BakeweLL's (1966) EXPERIMENTS YIELDED
N =5 EIGENMODES, OF WHICH ONLY THE FIRST HAD AMPLITUDE
GREATER THAN THE “NOISE" LEVEL OF EMPIRIC ERROR.,

For 2-D WAKE. GRANT's (1959)pATA Yv1ELDED N = 15 MODES
BUT THE SECOND HAD ABOUT 507 EXPERIMENT ERROR AND WAS
NOT INTERPRETED (PAYNE 1966)

4) For NSG-2077, we ANTICIPATE N = 15-24 EIGENMODES., ONLY
THE FIRST (ALA BAKEWELL) WILL. PROBABLY, YIELD USABLE
RESULTS. THE GRANT WILL INVERSE FOURIER TRANSFORM

X(l)wi(l) TO GET

U, 0 = F.T7. A 6y oy X = (X, ,%,.X)-GRID
| | (Ct)



5)

- 0)

THE 3-D VECTOR., Ug, WILL BE GRAPHICALLY DISPLAYED AND

USED TO CONSTRUCT A 3-D EDDY STRUCTURE (ANALOGOUS TO

sLIDES 14 & 15 FOR WALL EDDY AND WAKE VORTEX PAIR +

"RE-ENTRANT” JETS)

THE LasT Prase (VI) wiLL, From EQ. (C-4), FoRM:

By (X = W) (WX o
THE Ere EpDy Co—vARIANCE TENSOR, AND

By (X = By (XX ()
THE Bic EDDY “REYNOLD'S STRESS” AT POINT X ALSO,

ve(X) = 1B, (X - Rijog)1/—33-)2-;E (C6)

WiLL BE CALCULATED. THE CONJECTURE TO BE TESTED IS:

i

1s v, 1s0TROPIC (OR HOMOGENEOUS IN Xq.,X3)?”

[1.D. Recap oF SequentiAL Steps (NSG-2077)

1)

2)

ConsTrRUCTION OF G. .= F.T.(R,.)
1) 13 .
A) MERGER_OF’EMPIRICDATA SETS (GRANT., TRITTON)
B) FILL IN DATA VOIDS OF Rij BY SYMMETRIES AND
"RELAXATION"” METHODS
c) FouriER TRANSFORM 6 Ri;-COMPONENTS
SoLve PODT EIGEN-VALUE PROBLEM
A) FILL IN REMAINING 3 COMPONENTS OF Gij BY FLUID

22

CONTINUITY: d 9 @
_ A ik Gpj + Joj =0 j =1,2,3
3R 3 aR 3 P - %
= = - =>
oKy oK ik, 0, + -2 6 -9 p=1,3
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B) CONVERT FROM INTEGRAL TO MATRIX PROBLEM (FINITE MATH)

[e2]

PODT (,Gij<y,v'>y3<“’ ey = X2 @E™ Wy 0D

WHERE 1,3 = 1,2,3; = 1,2,3, ----, Fa, (D-2) IN MATRIX
Form: : |
® /611 61z Big by vp(m)
Gyy Gy 6oy 1 o™ Jayr = Ay () (D-3)
~o0 Gél 3z 033 ¢3(n)" wg(n)

- NOTE: 1) THE wALL 1s Y" =0, so LOWER LIMIT ~=> 0
2) ANTICIPATE USING 5 To 8 Y' VALUES: SAY, 5,
3) For v' >8, prEsumMABLY R;;(& G33) —>'0

HENCE, yE CAN APPROXIMATE THE FINITE INTEGRAL

J 635 v Mar' =2%," (1
o

By 5
:2%: Gij(YK’Y,e)wj(n)AYe = k(n)wi(n)(yK) ' (D“Q)

e = 1

NOTE: THIS METHOD, ACCORDING To WIELANDT (1956) AND As
VERIFIED BY PAYNE (1966). YIELDS A MAXIMUM ERROR OF ORDER
1-2%. WELL WITHIN EXPERIMENTAL ERROR. (T0 OBTAIN THIS PRE-
CISION SOME-CARE 1S NEEDED -- S (Payne, 1866)., p. 21 AND
APPENDIX D FOR CRITERIA, SCALINGS, AND CHECKSJ)s IN MATRIX
FORM, Eq@. D-U FOR EQUAL YK,Ye SPACING IS:



611 612 613 b, ) vy
G31 G2p 63 b | =) [y, ()
631 63z 633 by | b3

WHERE THE EQUAL AYo' ARE ABSORBED INTO Gij AND EACH Gij
IN THE SQUARE ARRAY ARE THEMSELVES 5 X 5 MATRICES, I1.E.,

cgjf=/61;(v1,Yi)Gll(vl,vé)ﬁll(vl{vg>ellcYl,Y;>Gll(v1,vg>\
[ 61 (Y5, ¥9)611 (Y5, ¥5)611(Ye, Y2611 (Yo, Y1) 611 (Yo, YE)

)G(" I, I' ;.I I"
L6 Y3 Yl)Gn,(Y3 Yz)Gll(YS YB)Gll(YS Y4)611(Y3 Y5)

Gll(Y4,Y1)Gll(v4,Y§)Gll(Y4,Y§)Gll(v4,Y4)Gll(Y4,Ygi/

611Cy5.Y1)611Cy5,¥5)611 (Y5, Y5) G611 (v5,Y4) G4 (Y5, Y5)

(n) - ,

AND EACH wl IS ITSELF A COLUMN 5-VECTOR:

oN LHS:

0, ™= 9 My anp on RHS: v, = v, M \ ,
0, ™M (v, e ™My
RLRICAD 0, M (y5)

(n)
Wl(n)<y4') vy (v4)
11,1(n)(y5,) wl(n)(y5)

NOTE: THE CONVERSION TO MATRIX FORM NOW MEANS THAT (FOR

24

(D-5)

N = 5) WE NOW HAVE EXPANDED FROM A 3 X 3 ARRAY (Gy; IN EQ.

D-3) 7o A 15 x 15 ARRAY OF COMPLEX ENTRIES AND 15-COMPONENT

¥ VECTORS (FROM ORIGINAL 3-VECTORS)



3)

c) SOLUTION OF EIGEN VALUE PROBLEM (Eq. D5):
SINCE D5 INVOLVES A coMPLEX 15 X 15 MATRIX AND G
1S HERMITIAN, THE EASY WAY TO SOLVE IS TO CONVERT
To A REAL 30 X 30 MATRIX WHICH IS SYMMETRIC.

HeRMITIAN => G;3(v.y") = Gzi(v',v) | (D-6)

OR, DECOMPOSING Gj; INTO REAL, (jj . AND IMAGINARY.

;5. PARTS:
Gijj = Ciy + 1 Qy; (D-7)
THEN D-4 BECOMES |
i Cij -8i; Xj(n) R Xi<m 08)
Q Cyyf (Y4 Y,

e=]1
n

WHERE ¥,(™) = X, (8 + 5 Y, (®) | n=1,2,-—- 15  (D-9)

i

50, OF COURSE, THE (™

OCCUR IN PAIRS ASSOCIATED WITH
(n) :
Y5

COMPLEX PAIRS.,

NOTE: THIS 1S NOT REALLY AN ADDED COMPLEXITY.SINCE COM-
PLEX EIGENVECTORS ARE INHERENTLY UNIQUE ONLY TO WITHIN
AN ARBITRARY PHASE ANGLE WHEN NORMALIZED.

ConsTRuCTION OF “Bie Eppy” ,

HavinG soLveED For A(7, w(l)(&,v), THE LARGEST AMPLITUDE
EIGENMODE., AN INVERSE F.T. YIELDS

(Ue); = Jf o KX /-5%—: v, M (kv ag | (D-10)

w00

25
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COMPUTER GRAPHICS OF D-10 VECTOR COMPONENTS WILL PERMIT

CONSTRUCTION OF THE 3-D STRUCTURE

ConsTRUCTION OF B; ;. Bic EDDY CO-VARIANCE -

D-lO => Bij = (Ue)i(Ue)j

AD v = (B - Ry /38

S.UUMARY

1. EXPERIMENTAL R;j = Uin

G;;3 = F.T. (Ry5) 1N HOMOGENEOUS DIRECTIONS

2. SoLve PODT E1GEN-VALUE PROBLEM

'Gij wj(n) - A(n)wi(n)
3. (U, =F.T. (A ()

b, By = W)y (U

_ - ol
Vo = (Bl,] RlJ)/"‘g"Y’

(D-11)

(D-12)
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IV, SumMARY STATUS OF RESULTS AND BUDGET

A. RESULTS

1L
11,
IV,

B. Bupcet (As ofF 31 OctoBer 1975)
[TEM ' GRANTED

CorRRELATION DATA BAsE
FOURIER TRANSFORM
EIGEN-VALUE PROBLEM

Bic Eppy CONSTRUCTION

PRINCIPAL INVESTIGATOR

CONSULTANT

TRAVEL

UTA OvERHEAD

*

* %

DENOTES PLANNING COMPLETED

$ 3250.00
4300.00
1250.00

_852.00
$10,162.00

45

%7 EFForT®* % COMPLETE

50 x70 = 35

30 x30 = 9

15 *x
15 -
100 % ~ 45 7

ExPANDED  REMAINING
$ 2196.14  $1053.86

1482.50  3317.50

-0- 1250,00

602.00 260,00

$4,2

%» EFFORT = RELATIVE TO GRANT TOTAL

80.64 $5,881.36
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V. PosT NSG-2077 - WHAT REMAINS?
A, SHorT Term:
1. AuToMATED DATA ANALYSIS PROGRAM

2. PrepicTtioN (viA "ORR”“) OF EIGEN-MODES OF

TURBULENT PROFILE IN FLAT-PLATE B.L. (wiTH
NSG-2077 As A "conTroL")

3, IF NSG-2077 "Eppy ViscosiTy” 1s ISOTROPIC,
THEN MODEL REYNOLDS' EQS. |

B. Loneg TeErM:
1. CoMPREHENSIVE., 2-D B.L. ON FLAT PLATE

2. PRESSURE GRADIENT STRUCTURE EFFECTS

3, COMPRESSIBILITY EFFECTS

FINALE

SiNce PODT 1s A STRUCTURE (NOT DYNAMICS) ORIENTED
METHOD ITS APPLICABILITY IS UNIVERSAL.
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